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Problem 1

We're trying to show that >, p;¢; = 2T when we'’re given T' as a function of the ¢; and the ¢;. So
we’ll use one of Hamilton’s equations to get the conjugate momenta p;. This will be independent of
potential (if the potential depends only on the coordinates):

b= = 5 (Tla.d) + V(@) 1)
_ 9T(g,49)
- ol ©)

So out first goal will be to calculate the partial derivative of T" with repect to ¢;. We're given
T =73 T(a)did; (3)
2%

Now we can either assume that the T;;(¢) are symmetric (T;; = T};), or we can construct a set
T};(q) = 5(Tij(q) + Tji(q)) which is symmetric. The T}; can be replace the T;; in the problem
exactly.! I will use the notation T;; to simplify, but the arguments actually apply to the symmetrized
T!..
J
Before continuing with this problem, it might be helpful to this of this as a matrix operation.

T="'qTq (4)

ITo show this, we just plug it in:

. 1 . 1 . ..
> Tidid = 3 > (Tij + Tji)did; = B > Tijdid; + Y Thidid;

ij ij ij ij
Now we note that the sum in the second term is over all possibilities for both ¢ and 7, which index the same possibilities.

So the order of the index can be inverted without loss of generality (in the matrix illustration, we’re summing over
all elements of the matrix — whether we go by row or by column doesn’t matter). Thus we continue with:

1 .. . 1
3 (ZTijQin + ZTijQin) =,T+T)=T 0O



where we can write the matrix T as:

Tii(q) Tia(q) Tis(q)
A 7bl(q) jbg(q) ZEB(Q) e
T= zél(q) ZEQ(q) jgg(q) - (5)

The sum over i and j results in adding over all elements of the matrix (multiplied by the appropriate
¢; and ¢;). With that visual in mind, we're going to split the equation into three parts: first we’ll
write a part that corresponds to the diagonal elements of the matrix, where ¢ = j. Then we’ll write
another part which corresponds to the upper triangular part of the matrix, where ¢ < j. Finally,
we’ll write a term corresponding to the lower triangular part of the matrix, where ¢ > j.

This separation gives us:

T = Z Tii(q)dig; (6)
=2 Tala)di + D Tij()dids (7)

i+
= Tle)@; + > Ti(@)did; + > Tij(@)did; (8)
5 i<j i>j

We can switch the labels ¢ and j in the last term, and then we can use the symmetry of the Tj;
matrix to obtain an expression for 7"

T =% Tul@)i + Y Ti(@)dd; + Y Tri(a)ded; (9)
i i<j 1<j

= Z Ti(@)d7 + Y Tij(@)dsds + Y Tij(a)didy (10)

i<j i<j

= ZT%(Q)(L-Q +2) Tij(a)did; (11)

i<j
Now that we have this expression, we’ll take the derivative of it.

oT

Pr = 37qk (12)
= 2T (@)dn +2 | D Tin(@)ds + Y Tij(9)d (13)
i<k k<j
= 2T (q)dr + 2> Tr;(9)d (14)
ik

= QZTkj(Q)Qj (15)



From here, the rest of the proof is just a matter of plug-and-chug;:
> pidi = 2> Tij(a)isdi (16)
i i j
=2 Ty(9)dids (17)
,J
=2T O (18)

Problem 2

(a) Shankar 2.3.1: This problem is simply a matter using equations (2.3.1), (2.3.3), and (2.3.4)
to replace terms in equation (2.3.5). The result gives us equation (2.3.6).

If we take the time derivatives of equations (2.3.3) and (2.3.4), we obtain

. . ma
rp oy + ML+ er ( )
. . mi

p— —_— = 20
I'o = Fom 1+ 21' (20)

Taking these, along with equation (2.3.1) (which defines r = r; — ry), and plugging them into
equation (2.3.5), we obtain:

1 . 1 .
L= 3 i1 ]* + 5m2 iaf” = V(ry —12) (21)
m 2 m 2
. 2 . . 1.
= §m1 ron + mr + §m2 Tom — mr - V(r) (22)

Since \a|2 = a - a, and the dot product is independent of the coordinate system, we represent
the dot product by Cartesian coordinates (using superscripts to denote each component):

_ 1 O\ 2m2 ) ) ma \* ()
L=5m > <<TCM) MTETr e trerry MU (23)

ic{z,y,z}
1 )\ 2 2mi Gy L) < my >2 (i) 2
e Y () - 2 () 0)) v
2 2i€{xyz}< oM mi + mo oM mi + mo (r)
1 ,(i))2 1 mlmg mgmf (,(-)>2
— E il Z ¢ -V 24
et (2 (ma +ms) <TCM *3 (m1 + m2)? + (my + ma)? " (r) (24)
1 (2 1 mi+m L)) 2
= §(m1 + mg) E (réﬂ) + gmams T2 5 E (r( )) —V(r) (25)
A (my +mag)?
i€{z,y,z} i€{x,y,z}
1 .2 1 mime 9
=— - -V O 26
5 1+ o) 4 5 £ - V() (26)

(b) Shankar 2.5.4: Using the Lagrangian obtained at the end of the first part of this problem,
we’re now supposed to find the Hamiltonian. We begin by finding the conjugate momenta in



terms of the velocities:
@ _ 9L _ mama
or  my +me

Pevm = W = (m1 + mz)f(c?a

Now we invert those to give us the velocities in terms of the conjugate momenta:

f) = MM )
mimeso
RO (i)

Toem = cM
mi + mo

From here, it’s a small step to get the values of [r|* and |rey|’:
2 mi+ma\?
= (M)
1Mz

2
el = (——— ) [peul?
CM m1+m2 CM

(31)

(32)

At this point, we do the Legendre transform to change the Lagrangian into a Hamiltonian,
and use equations (29) and (30) to express the velocities in terms of the momenta. We can
either do the Legendre transform explicitly (actually calculating the sum ), p;g;) or, as will

be shown below, we can use the results of the first problem on this problem set:

H<p7 Pom, Ty I'CM) = szrl - E (33)
=T — (T - V) (34)
—T+V (35)
1 . 1 mimg .
= 5 m1 - ma) e’ + 5= i 4 V() (36)
where the kinetic energy T is identified from the Lagrangian as
1 .2, L mimgy .o
T=- —— 37
2(m1+m2)‘rCM| +2m1+m2 |I‘| ( )
Now we plug in the values of |r|* and |rey|” from above:
2
1 1 2, 1 mimgy [m1+my 2
_1 L - v 38
H= g ) (o) el o (T o v )
1 1 2, Imi+mo, o
== = Vv 39
o Pl + 5 P+ V(r) (39)
When we take M = my + mg and p = 7;?5:’;?2 (the reduced mass), as given in the problem,
we obtain the desired result.
H(P, Pom, Ty Ton) = |pCM‘2 + ﬁ +V(r) (40)
) ) ) 2M QILL



Problem 3

This problem is all about using the techniques of classical mechanics in spherical coordinates on an
arbitrary potential. Once you have the kinetic energy in spherical coordinates (part (a)) the rest is
just applying the same rules we’d use in Cartesian coordinates.

(a) The Lagrangian is always L =T — V', and we'’re given that V = V(r, 0, ¢). Now we need the
kinetic energy term, T'. Getting it is a little tedious, but pretty straightforward. We know T'
in Cartesian coordinates:

T = %m (@% + 9 + 2°) (41)

We also know what z, y, and z are in terms of the polar coordinates 7, ¢, and 6:

x = rcos(¢) sin(0) (42)
y = rsin(¢) sin(6) (43)
z = rcos(6) (44)

(where T have used the physicist’s convention for the spherical coordinates — mathematicians
swap 0 and ¢).

But we have T as a function of the velocities, not the coordinates. Remembering that the
coordinates themselves are functions of time, we use the product rule and the chain rule to
take the time-derivatives of the coordinate definitions given above:

& = 7 cos(¢) sin(f) 4+ r(—sin(¢)¢) sin() + r cos(p)(cos(0)0) (45)
3 = 7 sin(¢) sin(8) + r(cos(¢)d) sin(8) + 7 sin(¢)(cos(0)8) (46)
2 =7 cos(6) + r(—sin(8)6) (47)

Now it’s just a lot of simplification. Expand the squares, collect terms, and the only trig
identity you need is sin?(z) + cos?(z) = 1.

T = %m (% + 9% + 2°) (48)
_ %m ((r cos(¢) sin(6) — rsin(¢) sin(8) +  cos(¢) cos(e)a') ’ (49)
+ (r sin(¢) sin(#) + r cos(¢) sin(0)¢ + r sin(¢) cos(@)é) ’

+ (7’“ cos(f) — Tsin(9)9)2>



= %m (7'"2 cos?(¢) sin?() 4 r2 sin?(¢) sin?(0)$? + 2 cos?(¢) cos(0)§? (50)
)sin?(0)¢ + 271 cos?(¢) sin(6) cos(0)0
(6) cos(@) sin(6) cos(6)0

+72 sin?(¢) sin?(0) + 2 cos?(¢) sin®(0)¢? + 12 sin?(¢) cos?(6)6?

+277 sin(¢) cos(¢) sin®(0)d + 277 sin’(¢) sin(f) cos(h)0

¢) cos() sin(6) cos(h)0¢

+72 cos?(0) + r? sin?(0)0% — 27r cos(0) sin(@)é)

—277 cos(¢) sin(¢p

—2r%¢in

(
4272 sin
(

= %m (7‘«2 (0052 (¢) sin?(#) + sin?(¢) sin®(6) + cos? (9)) (51)

+r2¢? (sin(¢) sin?(0) + cos?(¢) sin®(0))
+r262 (cos (¢) cos?(8) + sin?(¢p) cos?(6) + sin2(9))
+277¢ (— sin(¢) cos(¢) sin 2(0) + sin(¢) cos(¢) sin2(9))
+2776 (cos (¢) sin(8) cos(f) + sin?(¢) sin(6) cos(#) — cos(H) sin(ﬁ))
+2r20¢ (sin(¢) cos(¢) sin(0) cos() — sin(¢) cos(¢) sin(0) cos(@)))
= %m (7* ((cos®(¢) + sin®()) sin®(6) + cos*(0)) (52)
+r2¢? ((sin®(¢ ) + cos®(¢)) sin 2(9))
+r26? ((cos®(¢) + sin®(¢)) cos®(0) + sin*(6))
+277$(0) 4 2710 ((cos?(¢) + sin®()) sin(6) cos(8) — cos(6) sin(9)) + 27"29.¢.>(0)>
1

=5m (7‘2 + r2sin?(0)$? + r292> (53)

Once you have the kinetic energy, you have the Lagrangian:

L= %m (f2 +r2sin?(0)¢? + T292) —V(r,0,9) (54)

(b) To obtain the Euler-Lagrange equations of motion, we simply plug the Lagrangian from part
(a) into the Euler-Lagrange formula

d oL oL
dt 0¢;  0g;

(55)

where the ¢; are our coordinates, r, 6, ¢. Using L from part (a) for each case:



d 9L 0L

dt -  or %6)
d . . 0
I (mr) = <mr sin?(0)p? + mr92) - 5‘/(“ 0,9) (57)
mi = mr (sin2(9)q52 + 92> — %V(% 6, 9) (58)
(ii) q =10
d 0L OL
o6~ 0 (%)
c% (mr29> = mr? sin(6) cos(0)¢? — %V(Tﬁ, ®) (60)
2mrif + 2mr20 = mr? sin(6) (308(9)(;.52 — %V(ﬁ 0,9) (61)
(i) 4; = ¢
0L d oL
% "o .
3] d :
~agV 00 = g (mr?sin?(0)) (63)
—(,%V(r, 0,0) =m (27’7" sin? (9)¢> + 72 cos(h) sin(é))éq.ﬁ + r%sin? (9)¢) (64)

c¢) To determine the C()njugate m()menta, we sim 1}) use the standard definition from the La-
P
grangian formulation of classical mechanics that

oL
94

Di (65)
Of course, we actually already calculated these in part (b): one side of the Euler-Lagrange
equation takes the time derivative of the conjugate momentum. So we’ll just write out what
they are:

pr = mi (66)
po = mr’f (67)
Py = mr? sin? (G)gb (68)

Calculating the Hamiltonian is a little more work. We recall that the Hamiltonian is the



Legendre transform of the Lagrangian:

H(p,q) = ZpiQi —L(g,49) (69)
= ((ma)i + (mr20)d + (mr? sin®(6)8)9) (70)

- (; (mi® + mr? sin?(8)32 + mr262) - V (1,0, ¢))
= & (4 e sin2(O)F + mr*?) + V(r,0,0) (71)

Note that we don’t actually have the Hamiltonian yet: this is the Legendre transformation of
the Lagrangian as a function of ¢ and ¢, not of ¢ and p. So we’ll find a way to replace the ¢;
with the p; — fortuntately, the definitions of the p; above make that easy:

P
r=_ (72)
_ P
T omr2? (73)
é _ Py (74)

mr? sin®(6)

Plugging these into equation (71) we get

m mr? sin
Ll p® b
m  mrZsin®(f)  mr?

H(p,q) = 1 <m (&)2 + mr? sin?(6) (p¢ 2(9))2 + mr? (75;2)2> +V(r,0,¢6) (75)

5 ) +V(r,0,9¢) (76)

Now that is our correct Hamiltonian.

With the Hamiltonian we just determined in part (c), we can obtain Hamilton’s equations in
the standard way:

=5 (77)
h=— (78)
We’ll do this first for the ¢;, then for the p;:
;= % (79)
T Zsjign2 (9) (80)
b= 20 (81)



mr3

1 pg? 2\ O
Pr = ( + po 87“V(r,9’¢)

sin?()

. 0
Py = —%V(T,9,¢>
po = L8O 0y

mr2sin®(0) 00

Problem 4

Using the hint, we’ll make use of the identity that a function is equal to the inverse Fourier transform

of the Fourier transform of itself. That is to say,

F(k) = \/%/Rdxe“”F(x)

1 o1 ,
—— |4 “”—/dk —ikT £k
\/27‘(/]1{ re V21 Jr c f< )

Plugging in f(k) = 6(k — k'), we simply use the definition of the delta function to obtain

1 ) )
S(k—k) = 5 / dax et / dke ™5k — k')

T JR R

1 G
_ dxezkze ik'x

21 R

2m §(k — k') = / dz e*=+e O
R

(85)

(86)

(87)
(83)

(89)

In equation (87) we identify e’** = f(k) from the definition of the Dirac delta function, which, when
we integrate across k = k’, fixes the variable k at the constant value k’. That gives us equation (88).

Problem 5

This is just a matter of working out the Fourier transforms of these functions by plugging them into

the definition given in the previous problem.

(a) Fourier transform of a Gaussian. We begin with a standard plug-and-chug;:

F(\) = /Rdte—mf(t)

:/dte—ikte—tQ/Tz
R

_ /R dt exp(—(2/72 + iAt))

(90)
(91)

(92)

As usual, T take the hard way (to show you that it isn’t that hard!) T’ll simplify this down to a
basic Gaussian integral by completing the square and making the substitution u = t/7+ A7 /2,



which also gives dt = 7du.

F(\) = \/% /R dt exp(—(t2/72 4+ it — A\27%/4)) exp(—\?72/4) (93)
1 2_2 - 2
= = exn(-\r/4) /R dt exp(—(t/r + iAr/2)?) (94)
1 2, 2 2
= mexp(—)\ T /4)/Rdu7' exp(—u”) (95)
_ \/%Tﬁexp(—)\QTQ /4) (96)
= Eexp(—)\27'2/4) (97)

This function is clearly a Gaussian in \.

(b) Fourier transform of an Exponential. Again, we just plug-and-chug:

F\) = \/% /Rdt eIt/ (98)
_ \/% /]R dt exp(—|t] /7 — iAt) (99)
- V% (/OOO dt exp(t/7 — iAt) + /Ooo dt exp(—t/7 — m)) (100)
_ \/% (/OOO dt exp((1/7 — iN)E) + /OOO dt exp((—1/7 — iA)t)) (101)
— \/12? ((1/T1i/\e(1/7_u)t> Ooo + (U;ii)\e—(l/wmt) j) (102)
-z (a0 (0 i) a0
- \/1277 (1/71—M * 1/71+z'>\> (164

Although I won’t use this fact in any special way, I thought I should pause here to point out
that we’ve brought this down to the sum of complex conjugates. This means that it the result
will be a real function — in fact, it will be twice the real component of either term. But I’ll
solve this using the good old method of removing complex quantities from the denominator:

F(\) = \/12; (1/7-11')\ (1;:12;) + l/TlJri/\ (1;:_3» (105)

1 (Ut +id 1T —iA
v <1/T2 ISRy +)\2> (106)
1 2/ (107)

TVl N

10



Now we have something that looks quite conveniently like a Lorentzian. We’ll massage it into

the form N (Ti)\?) in order to identify N and a.

PO 2 1

T V2r 171+ 12)2)
_ 1
NIRRT

_ \Fl
-7 w14 72)2

Here we can easily identify N = T\/g and a = 72.

11

(108)
(109)

(110)



