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Problem 1

As always (even when a Podolsky transformation is needed), quantum operators are created by
analogy with classical operators. So let’s start out by calculating the classical kinetic energy in
cylindrical coordinates.

There are a couple of ways of doing this. Shankar illustrates a visual way of doing it. 1 don’t
want to draw the appropriate picture here, so I'm going to instead calculate it using the chain rule.

In Cartesian coordinates, the kinetic energy is given by T" = 3 (i‘z + 9% + 22). So all T need
is to determine the time derivatives of the Cartesian coordinates as a function of the cylindrical
coordinates (and, of course, their time derivatives).

& = pcos(f) — psin(6)0 (1)
§ = psin(f) + pcos(6)d (2)
2= (3)

As a brief aside, let’s find the squares of the first two of those time derivatives:
i? = p? cos?(0) + p? sin®(0)6% — 2pp0 sin() cos(0) (4)
72 = p?sin®(0) 4 p® cos?(0)62 + 2ppf sin(6) cos() (5)

So when we put all of this together to get the kinetic energy, we obtain:

Telassical = 9 (552 + y2 + Z2) (6)
= T (02 + 020+ %) (7)

At this point, we ought to take a look at what we need to find in order to get the Podolsky
transformation. The Podolsky transformation, as we saw it in class, is given by the formula

L - - 4
TQM:§8 12gta ;pig Y2giip; | gM st (8)

where s is the Jacobian connecting the new coordinate system to the Cartesian coordinates, and g
is the determinant of the matrix g;;, defined by

1
Telassical = 5 %:pigijpj (9)



Note that we don’t yet have our g;; matrix, since we calculated the the classical kinetic energy in
terms of velocities instead of in terms of momenta. To fix this, we need to find the appropriate
conjugate momenta. Assuming that the potential is only dependent on the coordinates, that’s easy
enough to do:

d . . p
Pbp = @Tclassical =mp - P2 = mil; (]-0)
d . . pz
= —Tlassical = mp>0 = 6? = =2 11
Po 16 1 1= mp m2pt (11)
d . : 2
Pz = aTclassical =mz - Z2 = :;2 (12)

Plugging these back into the classical kinetic energy, we get the classical kinetic energy in terms of
momenta:

1 2 p% 2
Tclassical = % pp + ? +pz (13)

Now we can identify the matrix g;;. Since there are no cross terms in the classical kinetic energy
expression, it is a diagonal matrix. Writing the coordinates in the order {p, 8, z}, the matrix is

L0 o0
G=[0 5= 0 (14)
o o =
It is easy to see that its determinant is
B 1

Now we need to calculate the Jacobian determinant. Many of you just “knew” the Jacobian for
the transformation to cylindrical coordinates, which is okay. However, I want to take a few lines to
explain how one gets the Jacobian.

The Jacobian determinant is the determinant of the Jacobian matrix (duh). The Jacobian matrix
is formed by taking the derivatives of the old coordinates with repect to the new coordinates. So
the s we need is given by:

Ox/0p 0x/00 0Ox/0z
s=det | Oy/0p Oy/00 0Oy/0z (16)
0z/0p 0z/00 0z/0z

cos(f) —psin(d) 0

=det | sin(d) pcos(d) 0O (17)
0 0 1
= p (cos®(9) + sin®(9)) = p (18)

Now we have everything we need in order to determine the Podolsky transformation. Plugging



everything into equation (8):

1y 1 1/4 1 —1/2 1 1/4 e
Tou =3¢ (m3p2> iszi (m3p2> 9ibi (m"’/ﬂ) ’ (19)
1 —1
~ 3P sz‘ﬂgz‘ipi (20)
1 P 1 p
_1( P 1 L 21
% <ppmpp o po +pzmpz> (21)

Since a coordinate o commutes with pg for § # «, we end up with the following:

1 /1 1,
Tom =5~ (ppp pPpt+ 2P + pz> (22)
Writing the momenta as differential operators (namely, p, = —ihd/0«a ) we obtain:

hQ(ld d 1 d2 d2>

T = —— _—)— _— _
oM 2m \ pdp pdp + p? do? + dz2

Problem 2

For this problem, we’re just looking at a particle in a sphere with the following characteristics for
the system:

ro=17x10""%m (24)
m=9.11 x 1073! kg (25)
(26)
The energy levels for the particle in a sphere are given by
n o 2
En = mﬂnz = Ky (27)

where & is defined by the set of constants in that equation, and 3,,; is the nth root of the Ith spherical
Bessel function, and is unitless.
First let’s get a value for k, and get it into our desired units (eV):

2
- 2:17“3 (28)
_ (1.054 x 10734 ] s>2 1 (29)
17 x 10-10m 9.11 x 10-31 kg
=4.22 x 10721 J = 0.0263 eV (30)

Now let’s talk about those (G,;. If we're starting out in the “1s” state, then we’re starting with
B1o0- It happens that the [ = 0 spherical Bessel function is just sin(z)/z, so its first zero is when
x = . Therefore, 819 = 7.



The first optical transition will be to the lowest state with [ = 1 (because a photon must impart
angular momentum). However, we don’t have to change n, since the function ji(x) will have a first
root. There are several ways of finding that first root: look up the root in Abramowitz and Stegun,
look up a formula for j;(x) (it is (sin(z) — z cos(x))/x?) and find the root numerically, or find the
root numerically with some program that knows the spherical Bessel functions. However you do it,
you should find that the first root of j; is approximately 4.493.

This means that the energy change is

AE =k (8} — %) (31)
= 0.0263 eV (4.493% — 7?) (32)
= 0.267 eV (33)

We see that this gives an estimate of the energy which is 2.5 times off from the experimental value.
This is probably due to the crudeness of the model. The infinitely sharp walls cause the level
spacing to grow much faster than realistic potential would,! and so it is not surprising that it would
overestimate the energy.

If you really want to know more about this problem, I think it is well described in Griffiths,
section 4.1.3. It might also help to review how the quantization of energy comes about in the
particle in a box, since the same ideas show up in the justification for doing a root search of the
spherical Bessel functions.

Problem 3

(a) This is easy enough: we just take the expression for the position operator in terms of the
annihilation and creation operators, and plug it into the expression for the perturbation:

3
mw\ 3/2 h
W = ohw (7) ( 5 (o + a)) (34)
mw- 3/2 ho\?
= ot () (m) (ol +a) (a +a) (o' +a) (35)
- % (aJr + a) (aT2 +ala+aa’ + 62) (36)
hw
= % (aTg +at’a+ataat +ata? + aat + aata + a2al + a3) 37)
hw
= % (GT3 +a®+a'N+ Na' + Na+ (aa")a’ + (aa")a + a(aaf)> (38)

1If this isn’t already a part of your intuition, consider a few examples you’re familiar with. The particle in a box
has the most sharp walls, and the levels get further apart as you get higher up. The harmonic oscillator has infinite
walls which are less sharp, and the levels are all equally spaced. The hydrogen atom has the more realistic feature
that the walls are not infinite, and its energy levels get closer as quantum number increases.



Now we recall that [a,a] = 1, which means that aa’ = 1+ afa = 14+ N. This gives us:

ohw [ 43
VV:W@Jr —&-ag—l—aTN—i-NaT+Na+(1+N)aT—|—(1+N)a—|—a(1+N)> (39)
ohw (i t t t 4 Nat
=27z (a +a*4+a'N+ Na' + Na+a' + Na —|—2a—|—Na+aN) (40)
hw
:‘273/2 (aT3+a +2Na' +2Na + 2a + a' N + af —|—aN> (41)

Another commutation relation will help us get to the end. As you may remember, in general a
raising operator a! for a number operator N satisfies the relation [N, a!] = af (for the lowering

operator, it is [N, a] = —a). These give us the relations:
aN =Na+a (42)
a'N =Na' —al (43)

Plugging into our equation for W:

hw
W:%(aT3+a3+2NaT+2Na+2a+NaT—aT—l—aT—i—Na—&—a) (44)

hw
:;/2 (aT +a® +3Na" +3(N + 1)a ) O (45)

We’re to find the energy to second order. Remember that this is not the same as the second
order correction to the energy: the energy to second order includes the zeroth order energy, as
well as the first and second order corrections.

We already know the zeroth order energy: that’s the energy of the unperturbed harmonic
oscillator: E(©) = hw (n + %) It’s also very easy to determine the first order correction. As we
can see from equation (45), all terms in the perturbation involve either only raising operators
or only lowering operators. This means that after operating on the ket |n), the result has no
components which will have a nonzero overlap with the bra (n|. Therefore, the expectation
value (n|W|n) (which is the first order energy correction) is zero.

So all we have to calculate is the second order energy correction. It is given by

W
p#ﬂ

We'll begin by calculating the matrix element (p|Wn) (because we’ll also use that when



calculating the wavefunction in part (c)).

ohw

6lwin) = (r| s ") (47)

/n+3 / £ 1
:23/2< pn+3+ pn 3+3 TL-|—].) n—+ 5pn+1

(aT +a®+3Na' +3(N +1)a )

3(n—1)v/nbpn-1+3vVnbpn 1> (48)
= 23/2 p,n+3 + p,n 3 +3 ’I’L+ 1) 5p n+1 —|—37’l 6np 1
(49)

When we square those matrix elements, we see that the Kronecker deltas from cross terms
will contradict each other, so only the squares of each term remain. Plugging this into our
expression for the second order correction, and remembering that E,(,O) — Er(lo) = hw(p —n) for
the harmonic oscillator, we obtain

E® — 2h2 ’ <(”+3)(”+2)(”+ D, nn=1n=2) 9m+1)? 9n3) o0

3hw 3hw —hw Tw

(n® 4 6n* + 11n + 6) — (n3—3n2—|—2n))+9((n3+3n2+3n+1)—(n3))>

( (51)
L

1
3 (9n? +9n—|—6)+9(3n2—|—3n+1)) (52)
(30n +30n + 11) (53)
11

Now we just complete the square:

E® = —ozh/.u% <n2 +n+ i + ;% i) (55)
ot <<n+;>2+2§é2> (56)
ot <n + ;)2 T 670> (57)
— ot (2 (n + ;) T 176> (58)

With that as our correction, and the standard harmonic oscillator £ = hw (n + %) as our



unperturbed energy, the total energy to second order is:

E,=E©® 4+ E®D 4 E® (59)
2
1 .. (15 1 7
—hw<n+2>+0—ahw<4(n+2) +16> (60)
2
1 15 1 7

= =) hw— — = - 1
(n—i—Z)hw i (n+2) hw mahw (61)

(¢) Most of what we need for this one was calculated in the previous part. In fact, it would
probably have made more sense to calculate the first order correction to the wavefunction
before calculating the second order correction to the energy. But whatever, we’ll just reuse
the relevant parts of the previous part.

The first order correction to the wavefunction is:

(p[W|n)
o) =~ P (62)
n (0) (0)
> ptn £ — En
ohw (n+3)! 1 n! 1 372 3/2
= S 1 1 —1
23/2< 7 73hw|n+3>+ (n73)!3m+3(”+ )% n+ 1) + 3n% % n— 1)
(63)
B 1 [(n+3)(n+2)(n+1) 1 /n(n—1)(n—2)
= "(:M 8 n+3) =gy = In=3)
1\ 3/2 1\ 32
+3<”+ ) |n+1>—3<" ) In—1) (64)
2 2
The state to first order is just the unperturbed state, |n), plus the first order correction:
) = In) + w0 (65)
1\3/2 372
:|n>_30(n—2i— > |n+1)+3a(g) |n — 1)
o ((n+3)(n+2)(n+1)\"? o (n(n—1)n-2)\"?
3 ( S In+3) + 3 3 [n—3) (66)

That’s what we were to show.

Problem 4

The trick in this problem is to get the right perturbation. The trick to that is remembering how we
got the rigid rotor approximation in the first place.

Assuming that we’ve “exactly” represented the vibrational motion as a harmonic oscillator, the
Hamiltonian is
R2J(J +1)

2ur? (67)

1
H=T+ ikj(r—re)Q—&—



The second term in this gives us the potential due to rotation at a given internuclear separation 7.
We expand this in a Taylor series about r,:

RJIJ+1) RJJ+1)  RJJ+1)

2MT2 2,Ur2 ,ur3 (T - T’e) +0 ((T - Te)z) (68)
ﬁZJ(J—Fl) hQJ(J-i-l)
~ 2,[“% - ’u,rg, (r—re) (69)

The first term in this expansion gives us the rigid rotor approximation. The second term will be our
perturbation for this problem.
Switching from using the coordinate r to the coordinate ¢, we have the Hamiltonian (including
perturbation) as:
R2J(J+1)  R2J(J+1)
2pr? pr

1
H=T+ §kq2 + (70)
The first three terms are Hrruo, and form our exact Hamiltonian, with energy E = (n + %) hw +
R2J(J+1)
2pur?
harmonic states |J,m). The last term is our perturbation.

It’s pretty easy to show that first order perturbation theory gives a correction of zero for this

and eigenstates |n, J, m) — the product of the harmonic oscillator states |n) and the spherical

perturbation:
R2J(J +1
B — <n 2(’[”;—) ‘n> (71)
R2J(J +1) h
= o m<n|af+a>n (72)
-0 (73)

The raising and lowering operators prevent the bra from having any overlap with the resulting ket.
Now let’s try taking this thing to second order. In that case, we have

(2) _ | p|W\n
E Z 50 50 (74)
p;ﬁn
We'll start out by calculating the matrix elements:
—h2J(J+1) R2J(J +1) h
<p’ 2w ") T T T o 24w (pla’ +aln) ()

R2J(J +1)

h
— \/; (\/m5p7n+1 + \/ﬁép,n—l) (76)

2ur3

Plugging that (and the fact that the energy spacing is iw) into the equation for the second order



correction:

E(ngﬁg <_”hzl+h’i> (77)
= 2lﬁh:SWQJQ(J +1)? (78)
= -B? h;:? J2(J +1)? (80)
=-DJ*J+1) (81)

Problem 5

For a hydrogen atom with n = 3, we have a total of 9 states: 1 s state, 3 p states, and 5 d states.
That lists the states according with the value of [. We can also organize them according to the value
of m: we have 3 m = 0 states (s, p, d), 2 each of m = £1 (p, d), and 1 each of m = +2 (d).

Since the Stark effect has effective selection rules which determine which states are coupled, we’ll
use these to our advantage. In particular, we have the Am = 0, which means that we’ll organize our
states according to their values of m, and Al = +1, which will make a lot of the remaining matrix
elements zero.

The matrix for the perturbation will be block diagonal when organized by m, due to the Am =0
rule. So we have 1 x 1 blocks for m = £2. However, those blocks cannot satisfy the Al = +1
selection rule, so they are zero.

We have 2 x 2 blocks for m = £1. Labelling the kets in the order {|3,1,m),|3,2,m)}, we have

the matrices:
0 a9 0 B2
A= B = 82
! (azl 0 ) + (521 0 ) (82)

where the elements marked as zero are the ones that don’t satisfy the Al = £1 selection rule.

Finally we’ll prepare the matrix for the m = 0 subspace, which is a 3 x 3 block. We'll write
the kets in the order {|3,0,0),|3,1,0),/3,2,0)}, and again anything which violates the Al = +1
selection rule will be zero:

0 71 O
Co= |70 0 2 (83)
0 Y21 0

Since these matrices must be Hermitian, we know that X;; = X7;, so we only need to calculate
4 of our 8 nonzero elements. Let’s do that, choosing the elements labelled ay2, (12, Y01, and 791
above. To get these integrals, we’'ll just need the recursion relation for spherical harmonics (derived
on a previous problem set) and the following integral:

|
/ dza"e™ " = ZH (84)
Ry o



when n is an integer (this formula can be derived using integration by parts or found — and massaged

into useful forms — from a table of integrals).

a1z = (3,1, -1|W|3,2,1)
= |u| Eo (3,1, —1|r cos(6)]3,2,—1)
= |u| Eo (R31 Yl_l‘rcos(9)|R32 vyt
= |l Eo (Ra1|r|Rsz) (Y1 [cos(0)[Y5 )

22 -1
= |p| Eo (R R \ —
1l Eo (Roa >< ( TR

_ |1l Eo
V5

= |M\/§O/R 7‘2R31(T)T‘332(7")

(Ra1|r|Rsz2)

:Iu\Eo/ T;;( 8 (1r>rer/3ao
V5 e \27V6ag? 6ag ) ao

4
_ |/”" Ey 27 1 dr S (1 _ ’I“) €—2r/3ao
R, 6

5 38 (106 ago

4
_ 12| Eo 278% / dr 6e—2r/3a0 _ L/ dyr7e—2r/3a0
5 3 aop Ry 6@0 Ry

V2 S S GRS S|
5 38408 \(2/3a0)T  6ag (2/3ag)8
4 7
= [ EOELG(J??L@-! 1— Z
5 38 (106 27 4
3
= |/J,‘ E0a03 -2 (—4)
9
= — [yl Eoaog

Y—l
1 >+ 4

)

2
) 6r/3a0>

(90)
(91)
(92)
(93)
(94)
(95)
(96)
(97)

(98)

We actually don’t even have to calculate B12: since the value of m only comes in as the square, it

will be the same as aqs.

10



Now to calculate the ugliest of these:

Y01 = |1l Eo (Rso|r|Rs1) (Yy'|cos(6)[Y7) (99)
1-0 22 -0
= |u| Eo (R3o|7| R A — 1YY — |V 100
1| Eo (Rsolr| 31>< 0 < y— 0>+ 127 -1 2>> (100)
E
- “‘\'/50 (Rso|r|Rs1) (101)
2
B [ (o2 2 (T) o—2/3a0 (8 (1 _ 7‘) Ter/gao)
V3 e, V2Tap? 3ag 27 \ag 27v/6ay3 6ao ) ao
(102)
Eo 24 2 2 2
_ ulEo ?/ drot[1- 2 4 =2 <T> (1 - T) e~ 2r/3a0 (103)
\/6(104 3 Ry 3a0 27 aop 6(10
E, 2 S 3 (
— |:u‘ 0 75/ dr T4 1— 57T 4 3 <T> - = (7’) 6727“/30,0 (104)
V6agt 3 R, 6ag 27 \ ag 3* \ao
|#\E0 4 —2r/3 5 5 _—2r/3 5 / 6 ,—2r/3
drrie=="/2%0 — — drrle™="/2% 4 drrPe=="/2%
\fao‘l 35 R, 6ag 27ap? Jr,
1 / 7 -2
- drrTe=2r/3a0 105
81(103 R, > ( )
B2t a5 5L 5 6! 1 7! (106)
"~ VBagt 3% \(2/3a0)®  6ag (2/3a0)® ' 27ag? (2/3a0)”  8lag? (2/3a0)®
LB B B3 568 (GO0 o)
" Vbagt 3 25 62 27 22 81 23
il Boao. s 25 25 35
= —="3.22 (1 -4+ = = 1
NG 3. Tt (108)
= —3|u| Egag V6 (109)

The only calculation left is for 791, but it is a little easier. Looking at equation (100), we see
that we can replace the bra as appropriate and this time we’ll keep the second term in the angular
integral instead of the first term. So we get

o1 = 2 |ul Eo
V3 V5

However, the radial wavefunctions are real, so the integral to be calculated is the one we calculated
for ar12. The result gives us

(Rsz|r|Rs1) (110)

2 9
= — ( —|u| Egap= 111
Y21 /3 < lul Eo 02) (111)
—|p| Egag3v/3 (112)

With all that done, the trick to finding the energy level shifts for these perturbations is to
diagonalize the matrix. So let’s do it, block by block.

11



The blocks associated with m = +2 are trivial: they don’t correspond to a shift.
The blocks associated with m = £1 should be pretty familiar by now:

A1 =By = <_Oa —Oa> (113)
with @ = 9 |p| Egag/2. The eigenvalues are +a, with eigenvectors:
{1-91u Buaos2) = (VY2 1ol Baaor2y = (175} (114)
The block with m = 0 is given by the matrix
0 —V2 0
Co=3V3|ulEoap | —v2 0 -1 (115)
0 -1 0

Letting a = 3v/3 || Egag, the eigenvalues are determined by

A V2a 0
O=det|v2a A a (116)
0 a A
=A% —3a%\ = A\ — aV3)(A + aV/3) (117)

giving the values of 0, ay/3, and —a+/3.
Let’s find some eigenvectors. For eigenvalue 0:

2 =0 (118)
x3 = —V21, (119)
So the normalized eigenvector is:
1/3
|0) = 0 (120)
—/2/3
For eigenvalue 4-av/3:
3
Ty = —A\/ =21 (121)
2
1 1 3
I R Y I 54 122
1
=\/3m (123)
resulting in the normalized eigenvector
1/3
914l Boao) = | —/1/2 (124)
1/6

12



Finally, eigenvalue —ay/3:

3
To = =X (125)
2
1 1
I3 = gl’g = 51’1 (126)
with normalized eigenvector
V1/3
|=9[u| Eoao) = | 1/1/2 (127)

=2

1/
That gives you the main idea — if I have a chance, I'll come back to draw the energy level
diagram. Note that it can by drawn to scale by using energy in units of |mu| Eyap.

Problem 6

...coming soon ...
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